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1. INTRODUCTION

The important concept of a sun, which was first introduced by Efimov and
Steckin in [17], arises quite naturally in the general theory of approximation
in normed linear spaces. We recall that a set V is a sun iff whenever vy V' is
a best approximation to some element x (¢ V), then v, is a best approximation
to every element on the ray from v, through x. Since every convex set has this
property, a sun may be regarded as a generalization of a convex set. Vlasov
[21] showed that in a smooth Banach space every proximinal sun is convex.
(A brief proof of this will be given in Section 2). Perhaps the most famous
unsolved problem in approximation theory is whether or not every
Tchebycheff set in a Hilbert space is convex. In view of Vlasov’s result, this
problem may be stated equivalently as “Is every Tchebycheff set in a Hilbert
space a sun?” Brosowski [6] has shown that being a sun is equivalent to
being a Kolmogorov set (cf. Theorem 2.4). Also, he and his colleagues have
indicated a theory of approximation for such sets which closely parallels the
known linear or convex theory (cf., e.g., [10]). In recent years, a number of
writers have studied certain classes of suns (e.g., the so-called “regular sets” in-
troduced by Brosowski [5]); these authors have tried to determine, among oth-
er things, those spaces in which every sun is a member of this class [3-7, §, 10].

In the present work, we define the concept of a “moon™?, which is a

* The work of this author was performed at The Pennsylvania State University during
the summer of 1969.
t This author was supported by a grant from the National Science Foundation.
1 Originally called “‘sign regular,” [9]. The present name was given on ‘“Moonday,”
July 21, 1969, for obvious reasons.
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generalization of a sun. We are especially interested in determining those
normed linear spaces in which every moon is a sun. Knowledge of such spaces
is often quite useful in practice since it is generally much easier to verify that
a given set is a moon than verify it is a sun. OQur approach to this problem is
via certain geometric properties of the points of the unit sphere, in particular
being “nonlunar”, “strongly nonlunar”, or “quasi-polyhedral” (abbr. QP)
(in order of decreasing generality).

Section 2 includes the basic definitions, notation, and a number of general
results. The main result of that section (Theorem 2.18) states that if each point
of the unit sphere is strongly nonlunar, then every moon is a sun. We observe
(Theorem 2.22) that every point of the unit sphere is QP if the unit ball is a
“convex polytope” in the sense of Maserick [19]. Further, the finite-dimen-
sional spaces in which each point of the unit sphere is QP are precisely those
whose unit ball is polyhedral (Theorem 2.19). In Section 3 we consider certain
product spaces. We prove, for example (Theorem 3.2), that each point of the
unit sphere of the ¢,-product of normed spaces is strongly nonlunar (or QP)
iff each of the component spaces has the same property. The space C(T), T
locally compact Hausdorff, is studied in Section 4. The main results there
(Theorems 4.1 and 4.4) may be summarized as follows: Each point of the unit
sphere in Cy(T) is strongly nonlunar; each point is QP iff T is discrete. In
Section 5 a similar study is made of the space L,(T, 2, u), where (T, 2, p) is
o-finite. The main results there (Theorems 5.4 and 5.6) may be stated as: Each
point of the unit sphere in L, (T, 2, ) is strongly nonlunar iff T is purely
atomic; each point is QP iff T is a finite union of atoms. In Section 6 we
remark about certain related matters and pose some open problems. In
particular, we observe a certain close relationship (Theorem 6.3) between
the QP property, property (P) of Brown [12], and property Q of Deutsch and
Lindahl [15].

2. NOTATION, DEFINITIONS, AND SOME GENERAL RESULTS

Let X be a real normed linear space, X* its dual space,
Bx,r) ={yeX:|x—yl<rlhand SX)={xeX:| x| = 1}
For any x € X, we define the peak set of x by
P(x) = {x* e S(X*) : x*(x) = [ x|}
Given vy, x€ X, we define the (open) cone of support at v, in the direction x, by
K@y, x)y ={veX:x*v—1v,) <0V x*e P, — x)}
={veX :x*v—x) <||vy,— x|V x*e Plvy — x)}2

2 Qbserve that K(vp,x) ={re X: x*(v — vy) > 0 Vx*e P(x — vy)}, a fact which is
sometimes useful.
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Since P(v, — x) is a weak* compact convex extremal subset of S(X*), we can
restrict ourselves, in the definition of K(v,, x), to those x* € ext P(v, — x).
(Here, and in the sequel, “ext” is an abbreviation for “the set of extreme
points of.””) In dealing with more than one normed linear space, we shall
often use subscripts to emphasize the space in which we consider the ball,
cone, etc. ; e.g., By(x, r), Ky(v, , X), etc.

There is a useful alternate representation for K(v, , x).

LemMA 2.1. K(vy, x) = Usso B(og + A(x — vg), Al vy — x ).
Proof. If |lv—vy~Mx—volll <Allvg— x|, then for any x* € P(v, — x),

Moy — x| > x*[p — v, — Ax — vy)]

= x*v —vy) + Allvy — x| ;

$0 x*(v — 1) < 0 and v e K(v, , x).

Conversely, let v € K(v, , x). The open line segment (v, , ) must intersect
B(x, | v, — x |)) for, otherwise, by the Eidelheit separation theorem,
we could find an x* € P(y, — x) with x*(v — v,) > 0, which contradicts the
choice of v. Choose 0 <<A <1 such that z = Ay, + (1 — A) v satisfies
lz— x| <llvy — x| . Taking « = 1/(1 — }), we obtain

o — oo + ol — o)l = Ty 12~ x| < el — x].
Thus v € B(vy + o(x — vg), x|l v — x1)- 1

COROLLARY 2.2. Ifx, = vy + A(x — v,) for some A > 0, then K(v, , x;) =
K(v, , x).

DErRINITIONS 2.3. A set V C X is called a Kolmogorov set iff whenever
vy € V is a best approximation to x € X, then
(X o X*o—v) <0 Voel
The set V is called a sun iff whenever v, € V is a best approximation to x € X,
then v, is also a best approximation to v, + A(x — ) YA = 0, i.e. (if x 5 vy),
to each point on the ray from v, through x.

An interesting exposition on Kolmogorov sets was given by Brosowski [8].
It is easy to show that the condition (K) is always sufficient for v, to be a best
approximation to x. The necessity of condition (K) was recently discussed by
Brosowski and Wegmann [10]. The concept of a sun was introduced by
Efimov and Ste¢kin [17] and further developed by Vlasov [21] (cf. also the
encyclopedic monograph of Singer [20]).
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THEOREM 2.4. Let V C X. The following are equivalent.

(1) Vis a Kolmogorov set.
Q) VN K(,,x) = & whenever vy V is a best approximation to x.
(3) Visa sun.

Proof. (1) = (2). Let v, € V be a best approximation to x. By hypothesis,

* —_—
x*€P(vy—x) X (U UO) > 0 YoeV.

On the other hand,

Ky, x) = {v: x*(v — vy) < O0Vx* e P(v, — x)}

= {p: *(p —
{v: x*erg(a})i(_x) x*¥ — v,) < 0},

andso VN K(v,,x) = @.

(2) = (3). Let v, V be a best approximation to x and let A > 0. If
X, = vy + AMx — v,) then K(vy, x;) = K(vp, x) by Corollary 2.2 and so
K(v,,x;) NV = . From Lemma 2.1 we obtain, in particular, that

VN B(x, | x — ) = 2,

and so v, is a best approximation to x; .

(3) = (1). Let vye V be a best approximation to x and let veV. If
x*v — vy) > 0Vx* e P(x — v,), then v € K(v, , x), and so

vE By + AMx — vg), Al x — v, ))
for some A > 0. Thus
2+ Ax — o) — ol <Al x — 2yl = I 2y + ACx — 29) — 2o,
which contradicts the hypothesis that V is a sun. Hence

x*el}’l(!rllvo) x*(v o Uo) <0 I

The equivalence of (1) and (3) in Theorem 2.4 had been proved earlier by
Brosowski [6] by a different method.

A normed linear space X is called smooth if there is a unique supporting
hyperplane to the unit sphere at each point, i.e., if P(y,) is a singleton for
each v, € S(X). A subset V of X is called proximinal if each x € X has at least
one best approximation in V. We can now give a new short proof of a well-
known result of Vlasov (cf. [21; or 20, p. 344]).

640/6/2-5



180 AMIR AND DEUTSCH
THEOREM 2.5. Let X be a smooth normed linear space. Then each proxi-
minal sun is convex.

Proof. Let V be a proximinal sun. If V' is not convex, there exist v, , v, € V
such that x = Av, + (1 — A) v, ¢ V for some 0 < A < 1. Let v, € V be a best
approximation to x. Let {x*} = P(v,- x). By Theorem 2.4, V N K(v,, x) = &,
and so x*(v; — vy) = 0 fori = 1, 2. Thus

0 <llop— x|l = x*(y — %) = Ax*vy — v) + (1 — ) x*(vy — vp) <0,
a contradiction. ||

Using Theorem 2.4, one can also easily verify the known fact that every
convex set is a sun. (It is easy to construct examples of nonconvex suns.)
Theorem 2.4 suggests (at least) one way of generalizing the concept of a sun.

DEerINITION 2.6. Let ¥V C X. A point v, € V is called a {unar point if xe X
and V N K(vy, x) = @ imply vy V N K(vgy , x). (As a consequence of the

next lemma, we may assume in this definition that x has v, as a best approxi-
mation from V.) V is called a moon if each of its points is lunar.
Lemma 2.7. Let V C X and vy € V. The following are equivalent:
(1) v, is a lunar point.
(2) Whenever v, is a best approximation to an x € X with

V' K(vy , x) = @, ther voem.
Proof. (1) = (2) s trivial,
2)=> (). Let xe X and VN K(v,, X) # &. We have to show
vo€ ¥V N K(py, X).

If v, is not a local best approximation to x (i.e., if Ve > 0 there is a v.e V
such that || v, — vy]| < eandllv, — x| <|jvy — x|)), then

v € B(x5 H Uy — X “) C K(UO 3 x),

50 vy € ¥V N K(vy, x). Thus we can assume v, is a best approximation to x
from ¥V N B(y,, €) for some € > 0. Let y = v, - AMx — v,) where

0 <A <e2livy— x|l.

Then K(vy,y) = K(vy, x), | ¥ — 1y || < €/2, and v, is a best approximation
toyfrom V. Thus v, e VN Ky, y) = VN K(yy, x). |

CoROLLARY 2.8. Every sun is a moon.



SUNS, MOONS, AND QUASI-POLYHEDRA 181

This follows from Theorem 2.4 and Lemma 2.7.

In the important special case V' = S(X), the definition of a lunar point of V'
can be somewhat simplified. Indeed, v, € S(X) is a lunar point iff for each
x € B(0, 1) having v, as a best approximation from S(X), v, € K(v,, x) N S(X).
To shorten the writing, we define, for each v, € S(X),

l(vy) = {x € B(0, 1) : v, is a best approximation to x from S(X)}
={xeB0,1):[lo,—xll=1—lx}
= {xeB(0,1):v,=x+ (1 — || x|)) u for some u € S(X)}.

Thus v, € S(X) is a lunar point iff vy € K(v, , x) N S(X) Vx € (v,).

DerFNITIONS 2.9.  Let v, € S(X).

{a) v, is called a nonlunar point of S(X) if it is not a lunar point, i.e.,
if there is some x e B(0, 1) such that », ¢ X(, , x) N S(X).

(b) v, is called a strongly nonlunar point of S(X) if for each u € K(v, , 0)
there is an x € B(0, 1) such that u € K(v, , x) and v, ¢ K(v, , x) N S(X). The
space X is called strongly nonlunar if each v, € S(X) is strongly nonlunar.

(c) v, is called a quasi-polyhedral (abbr. QP) point of S(X) if

vy ¢ K(vy , 0) N S(X).

X is called a QP-space if each v, € S(X) is QP.

It should be noted that (by an argument similar to that used in the proof
of Lemma 2.7) the x € B0, 1) which appears in the definitions of nonlunar and
strongly nonlunar points may be restricted to lie in (l(vy). We leave to the
reader the straightforward task of verifying that the QP property is hereditary
(i.e., if X is QP, so is every subspace of X). On the other hand, Theorem 4.1
shows that strong nonlunarity is #ot a hereditary property.

In verifying whether a given point is nonlunar, strongly nonlunar, or QP,
it is useful to observe that if v, € S(X) and x e B(0, 1), the following two
conditions are equivalent:

(1) vy ¢ Ky, x) N S(X).
(2) There exists an € > 0 such that B(y, , €) N K(v, , x) C B(0, 1).

THEOREM 2.10. Let vy € S(X) and consider the following three statements:

(1) vyis QP.
(2) v, is strongly nonlunar.
(3) v, is nonlunar.

Then (1) = (2) = (3).
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In addition, if any one of the following three conditions holds, then (3) = (1),
and so, all three statements above are equivalent.
(a) v, eextSX).
(b) X is two-dimensional.
() X is smooth.
Proof. The implications (1) = (2) = (3) are trivial (e.g., for (1) = (2),
take x = 0). Now suppose v, is nonlunar. Then there is an x € (¥(v,) such that

vy & K(vy , x) N S(X). We shall show that if any one of the conditions (a), (b),
or (c) is satisfied, then v, is QP. This will be the case, in particular, when
K(v, , x) = K(vy , 0).

Case 1. v, € ext S(X).

Since vy = x + (1 — || x|) u for some ueS(X), it follows that either
x=0 or vo={xxlx||+ A —{§xpu If the latter is true, then
x/|| x|} = u = vy.Hence x = || x || v, and, in particular, K(v, , x) = K(v, , 0).

Case 2. X is two-dimensional.
We may assume v, ¢ ext S(X). Then v, must be interior to some line
segment L(v,) in S(X). In particular, v, is a smooth point,

K(v, , 0) N S(X) C S(X) ~ Livy),
and so, v, € K(v, , 0) N S(X), i.e., vy is QP.

Case 3. X is smooth.
The proof in this case, and hence the theorem, will follow immediately
from (3) of the following lemma.

LemMa 2.11.  Let vy € S(X) and x € Gl(vy). Then:
(1) P(vy) = P(yy — x) N P(x).
(2) K(vy,x) C K(vg , 0).
(3) If X is smooth, K(v, , x) = K(v,, 0).
Proof of the Lemma. (1) Let x* € P(v,). Then
lop — x I+ xll = vl = x™vy) = x*(vy — x) + x*(x)
<o —xI+ il xll

and so, x* € P(v, — x) N P(x). Conversely, suppose x* € P(v, — x) N P(x).
Then

x*(v) = x¥(vy — x) + x¥(x) = [[vg — x[| + x| =1,

so x* € P(vy).
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(2) From (1) we obtain P(vy) C P(v, — x) and so, K(v,, x) C K(v, , 0).
(3) If X is smooth, then P(y) is a singleton for each 0 #% y € X; so by

(1) we obtain P(v,) = P(vy — x) and hence K(v,, 0) = K(v, , x).
This proves Lemma 2.11 and hence completes the proof of Theorem 2.10. ||

Remark 2.12, For a two-dimensional space, we have shown that the
concepts “nonlunar,” “strongly nonlunar,” and “QP” are the same. There
exists, however, a three-dimensional space which contains nonlunar points
which are not strongly nonlunar [11]. Also, we shall see later that there are
infinite-dimensional strongly nonlunar spaces which are not QP. However, it
is an open question whether there are finite-dimensional spaces with this
property.

During the course of the proof of Case 2 in Theorem 2.10, we have actually
verified the following result:

LemMMA 2.13. Let X be two-dimensional and vy € S(X). If v, is lunar, then
v, € ext S(X).

It is clear that S(X}—or, for that matter, any symmetric subset of S(X)—
is never a sun. On the other hand, with the aid of Theorem 2.10, we can give
certain conditions which insure that S(X) is a moon.

THEOREM 2.14. If X is strictly convex, then S(X) is a moon.

Proof. Let vyeS(X) and x € ((v,). By the strict convexity, x = || x || 2, ,
and so K(v, , x) = K(v, , 0). Since each x* € P(v,) attains its norm on S(X)
only at v, , it follows that x*(v) <1 = x*(vy) Yo € S(X) ~ {v,}. Thus

K(v, , x) N S(X) = K(vy , 0) N S(X) = S(X) ~ {v,},

and 50 vy € K(vg , x) N S(X), i.e., vy is a lunar point. |

By combining Lemma 2.13 and Theorem 2.14, we obtain

CoROLLARY 2.15. Let X be two-dimensional. Then S(X) is a moon if and
only if X is strictly convex.

A set E C S(X) is called an exposed set of S(X) if E is the intersection of
S(X) with a supporting hyperplane to S(X), i.e., if £ = {v € S(X) : x*(v) = 1}
for some x* € S(X*).

THEOREM 2.16. Let X be smooth. Then S(X) is a moon if and only if each
exposed set of S(X) has an empty interior relative to S(X).
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Proof. If some exposed set E had a relative interior point v, , then (by
smoothness)

K(v,,0) N S(X) = S(X) ~ E,

and so v, ¢ K(vy , 0) N S(X). Thus S(X) is not a moon.

Conversely, suppose each exposed set has an empty relative interior. Let
v, € S(X) and x € G(v,). Since X is smooth, P(v, — x) = {x*} is a singleton,
so that E = {veS(X): x*(v) = 1} is an exposed set which contains v, .
Note that K(v, , x) N S(X) = S(X) ~ E #* . Since E has an empty relative
interior, it follows that in each neighborhood of v, there points of S(X) ~ E.

Thus v, € K(v, , x) N S(X), and so S(X) is a moon. [j

Remark 2.17. The theorem is not true without the smoothness assump-
tion. A 3-space whose unit ball is a “double ice-cream cone” (i.¢., the convex
hull of the union of a circle and a line segment through its center, normal to
its plane) provides an example. In this case, the vertices (in particular) are
nonlunar points, but each exposed set of S(X) has an empty relative interior.

The fundamental result concerning strong nonlunarity is the following.

THEOREM 2.18. Let X be strongly nonlunar. A subset of X is a moon if and
only if it is a sun.

Proof. Every sun is a moon {Corollary 2.8). Let ¥ be a moon which is not
a sun. Then there is a v, € V which is a best approximation to some x € X
with K(v,, x) NV 5= @. Let ve K(vy, x) N V. By the strong nonlunarity
of the sphere S(x, || v — x |D(= || vy — x|| S(X) + x) at v, , there exists an
x; € B(x, || v, — x|[) having v, as a best approximation in S(x, || v, — x|[) such
that v € K(v, , xy) and v, ¢ K(vy , x1) N S(x, | vy — x 1)), i.e., thereis an € >0
such that

B(vy , €) N K(vg, X) C B(x, [|lvy — x[) CX ~V,
and so vy ¢ K(v , x,) N V. But this contradicts the fact that ¥ is a moon. |

It is an open question whether the converse is true. That is, if every moon
in X is a sun, must X be strongly nonlunar?

Before we characterize the finite-dimensional QP spaces, let us observe that
vy € S(X) is QP iff there is an € > 0 such that

B(o, €) N K(vy, 0) = B(vo, €) 0 BO, 1)
which holds iff there is an € > 0 such that

B(vy, €) N bd K(vy , 0) = B(vg , €) N S(X).
(Here bd K(v, , 0) denotes the boundary of K(v, , 0).)
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THEOREM 2.19. A finite-dimensional space is QP if and only if its (closed)
unit ball is a polytope.

Proof. Let B(0, 1) be a polytope and let v, € S(X). Then B0, 1) = (ies E,
where 1 is finite, E; = {x € X : x;*(x) < 1}, and x;* € S(X*). The hyper-
planes x} (1) which determine the half-spaces E; will be denoted by H, . Let
I, = {iel:vye H;} and set € = dist (vy, Usgs, H:). Since Usgy H; 18 closed,
e > 0. Nowdist (v, H;) = 1 — x;*(v,) for every i (cf., e.g., [14, Lemma 2.1]),
so that e = infy dist (vy, Hy) = infye; [1 — x;:*(vy)]. We shall show that

B(,, €) N (n Ei) = B(vy, €) N (n E) )
iel iel,
Indeed, if (1) is false, there is an x € X with x € B(v, , €) and x ¢ E; for some
ipel~1I,. Then

x5x) > 1 > xf(vy) + ¢

and hence || x — v, | > e. This contradiction establishes (1). From (1) we
obtain

B(vy, €) N B(0, 1) = By, €) N (

el

= B(to, 9 0 ([ E:) = By, ) N K(vy , O).
el
Thus v, is QP.
Conversely, suppose X is an n-dimensional QP space. Consider first the
case n = 2. For each v € S(X), there is an ¢, > 0 such that

B(o, €,) N bd K(v, 0) = B(v, €,) N S(X). )

By the compactness of S(X), there is a finite set of v; € S(X) such that
{B(; , €, }1 covers S(X). Hence

S = () 1B, €)1 bd Ko, O).
1

But since bd K(v, 0) consists of at most two lines for each v € S(X), it follows
that S{(X) consists of a finite number of line segments, i.e., X is polyhedral.
Now suppose n > 2. Then since the QP property is hereditary, each 2-
dimensional subspace of X is QP. By the above argument, each 2-dimen-
sional subspace of X is polyhedral. By a well-known result [18a, Theorem 4.7],
it follows that X must be polyhedral. ||
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COROLLARY 2.20. Let X be two-dimensional. Then each point of S(X) is
nonlunar if and only if S(X) is a polygon.

As an application of this corollary we consider the following unit sphere in
the plane which has exactly two lunar points, the remaining being QP points.

ExAmPLE 2.21. An ““infinite polygon™ in the plane. Let t, = 1 — (1/2%)
(n=20,1,2,..) and define a function f on [0, 1] to be linear on each sub-

interval [t, , ,,1] and to satisfy f(z) = f(0) = 1, f(tnsn) = 3Un + f(tn)
(n =0,1,.),and f(1) = 0. Define g(t) =t — 10 < ¢t < 1),

L) =—f(-=) (-1 <1t<0),

and g,(2) = —g(—1t) (—1 < ¢ < 0). Then the union S(X) of the graphs of
fs 8 f1, and g, is what we call an “infinite polygon™ in the plane. Clearly,
S(X) is QP at every point, with the exception of the two “infinite” points
(1, 0), (—1, 0), and these must be lunar points.

Maserick [19] has defined a “convex polytope™ ‘P as an intersection of a
family of half-spaces: P = ();o; E; (corresponding to the hyperplanes
{H; : i € I}), such that, for every x € X, there is a finite subcollection I, C I
with x € N, E: -

THEOREM 2.22. If B(0, 1) is a convex polytope (in the sense of [19]), then X
is a QP space.

Proof. Properties 2.3, 2.4, and 2.5 of [19] assert that, if B(0, 1) is a convex
polytope and v, € S(X), then I, = {i € I : vy € H;} is a nonempty finite family
and e, H; is a closed set. Setting ¢ = dist(vy , Ui, H;), we observe that
exactly the same argument used in the proof of Theorem 2.19 shows that v,

isQP. |
From the results of [19], we quote the following:
(1) Convex polytopes in infinite-dimensional spaces have no extreme
points.

(2) If the unit ball of X is a convex polytope, so is the unit ball of
every subspace of X.

(3) The unit ball of ¢(7') is a convex polytope for every discrete T;
(4) If the unit ball of X is a convex polytope with a countable number
of exposed sets, then X is isometric to a subspace of ¢, .

We give now an example, which is a simplification of a more general one
given in [19], of a QP space whose unit ball is not a convex polytope. Let X be
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the /-product of the real line Rand ¢, , i.e., X = (R X ¢y);, (2 - (See Section 3
for some basic results on product spaces.) Then X is QP since both R and
¢, are (Theorem 3.5), but, by property 2.4 of [19], B(0, 1) is not a convex
polytope since the vertex x = (1, 0, 0,...) belongs to infinitely many exposed
sets.

3. PRODUCT SPACES

Let I be an index set and let Y be a normed linear space of real-valued
functions on I If, for each i € I, a normed linear space X is given, (IT;e; X))y
denotes the (Y-product) space of all functions x on 7 such that

(1) x()eX;foreveryiel,
(2) If v, is the function on 7 defined by v, (i) = | x(i)||, thenv, € Y.
We define a norm on (ITie; Xy by I x| = [ v llv -

We shall be mainly interested in the cases where Y = c(I), L(I), or I,(I).
It is well known (cf. e.g., [13, p. 31]) that the dual space

(E Xi):,u) [resp. (ZIE]I Xi)ll(l)]

*

may be identified with

([} %2), , [resp- ([T 2)

el (1) iel loo(l)]

via the mapping x* — (x*()),, , with x*(i) € X,*, defined by
x*x) = 3, x*(@) x(0)
i€l

for every x in the product space. If X = ([ 1., Xi)ll(,) , then x € ext S(X) if
and only if x(i) € ext S(X;) for some i = i,, and x(i) = 0 if i + i,.
If X = {Tie: X » then x € ext S(X) if and only if x(i) € ext S(X;) for
everyiel.

We first consider the space X = ([Lie; Xi)o,n - Let x € X. We define the
critical set of x by

critx = {iel:||x@)| = | x|}

Observe that if v, € S(X) and x € OAv,), then crit v, C crit (v, — x) (since if
i e crit vy , then «

ool = [l o < [ 06() — x@I 4+ 1 2@ < fwg — x [+ I x ]l = vl

and 50 || 9o(i) — x(@)]| = | vo — x [
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For any vy, x € ([ Tser Xi)e,» We have

K(vy, x) = {v: For each i e crit(v, — x), x*@)[v()) — v,())] < 0
for every x*(i) € (ext) Pv,(i) — x()]}
= {v: For each i e crit(v, — x), v(i) € Kx (v,(i), x(i))}.

Lemma 3.1, Let X = ([Lics Xi)oy» and vy € S(X). Then vy is strongly
nonlunar (resp. QP) if and only if, for every i € crit vy , vo(i) is strongly nonlunar
(resp. QP) in S(X)).

Proof. Let v, be strongly nonlunar and let i; € crit v, . We show vy(ip) is
strongly nonlunar in S(X; ). Let u(is) € Ky, (v(io), 0). Define u by
‘o

N u(l.o)y if [ = iO B
u(i) = if iy,
Then u e K(vy,0). Thus by strong nonlunarity there exists an x € (/(v,).
[l x| < 1, such that u € K(v, , x), and there exists an ¢ > 0 such that

B(v, , €) 0 K(v,, x) C B, 1).

In particular, x(i) € By (0, 1) for every i. Now if |v — o[l < e and if for
every i € crit(vy, — x), v(i) € Ky (v(i), x(7)), then || v || < 1. Since u € K(v, , x)
and i, € crit v, C crit(v, — x), it follows that uli) € Ky, (uo(zo) x(i,)). Also,
if || o(i) — vo(ia)ll < € and v(io) € K, (vg(io), X(i)), define

v(iy), if i=1,
v(i) =
( ) @) + = x(z) if i#1.

Then ||v — vy|| < € and ve K(vy, x), so that ||v]| < 1. In particular,
Il v(iy)ll < 1. This shows that vy(iy) is strongly nonlunar.

Conversely, suppose that for each i< crity,, vy(i) is strongly nonlunar.
Thus, for every i € crit v, , if u(i) € Ky (v,(7), 0), there exist y(i) € By (0, 1) and
€i) >0 such that u(i)e Ky (vy(i), ¥(0)), and if | v(i) — vy@)ll < e(i) and
v(i)e Ky (vy(i), y(@)), then | v(i)]l < 1. We may assume that || v,(}) — y(@)|| is
constant for i € crit v, . Now

sup ||y =1—38 for some 8§ > 0.
ig¢erity,

Let € = min{3, INiN;eerity, €(1)} and define x by

o~ (@), if iecrituy,y,
XD =P, if i écrite.
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Then || x|| < 1 and crit(y, — x) = crit v,. Let u € K(vy, 0). Then for every
i € crit v, , we have u(¥) € Ky (vy(i), 0), and so

u(i) € Kx (v(0), y()) = Kx,(vo(i), x(@)),

i, ue Ky, x). If v — vy]| < € and ve K(v, , x), then || v(i) — vo(i)]| < €
for every i, and for each i & crit v, , v(i) € Ky (0,(i), x(i)) and so || v < 1. If
i ¢crit vy, then [ v(@)| <[ 0@} + e <1 —38+4 e <1 Thus [[v] <1. We
have shown

B(UO H E) N K(UO ] x) C B(O’ 1)>

and so v, is strongly nonlunar.

The proof of the analogous result with the @2 condition is similar, but
simpler. |

As an easy consequence of this lemma we obtain

THeoReM 3.2. Let X = ([Ties Xo)e - Then X is strongly nonlunar (resp.
QOP) if and only if each X, is strongly nonlunar (resp. QP).

COROLLARY 3.3. For any index set T, the space cy(T) is QP.

We turn next to the /;-product of a finite number of normed linear spaces.
Let X = ([ Lies Xi)ll(,) , and v, , x € X. Then

K(v,, %) = ?v e X: Y x*@)o() — 0o)] <O  whenever

x*(i) € (ext) Pg(i) — x(0))-

LeMMA 34. Let X = (X; X Xo) (), where I = {1,2}, and let v, € S(X).
If vy(D)/|| vl is QP in S(X;) whenever vy(i) #~ 0, then vy is QP in S(X).

Proof. Assume first that both vy(1) and vy(2) are 5= 0. By assumption, we
can choose an e,

L2l 2ol )
2 2

O<e<min( )

such that for i = 1, 2,

vy(8) 4e X0
By, ( EXO R0 ) N Kx, ( X0 O) C Bx (0, 1).
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Now let v e K(vy,0) N B(vy, €). Thus || o(l) — vg(1)i| + || 2(2) — v,Q2)|| < €
and

x* (Do) — vD)] + X*Q)[u2) — v(2)] <O.

max max
x*(1)eP[vy(1)] x*(2)eP{vy(2)}

There is a scalar « such that
x*D[p(1) — vy(D] < «,
x*Qv(2) — v(2)] <

max
x*(1)eP[vo(1)]
x (Z)EP[Vo(Z)]

Since v € B(v, , €), it follows that | « | < e. If x*(1) € P[v,(1)}, then

\ ORI )
W e~ Tomr)

_ | o)
POIEOED

D) — v()] — o} <0

S0
u(l) vo(1)
TooD] + & © Ex, ( [l wo(DII ’0)'
Moreover,
“ v(l) _ (D) “ < o) — w1 | o]
loo(DIl + o ToaMUIT ™ oD + o Il oo(Dl + «

€ € 4e
S To@lFa T Todl Fa = To®l

so that, by (1), we have

il (Il
IO 1 or o <llogDf + o

Similarly, we get || v(2)|| << || v4(2)|| — «. Hence
ol = oD + [ o@ <l ve(Dil + | 2o}l = 1.

Thus B(v, , €) N K(vy , 0) C B0, 1) and so vyis QP. In the case when v4(1) = 0
or vy(2) = 0, the proof is similar but simpler. ||

‘By induction, we obtain

LemMaA 3.5. Let X = ([Lies X ) , where I is finite and vye S(X). If
o))/ o)l is QP in S(X;) whenever vy(i) +# 0, then v, is QP in S(X).
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As an immediate consequence of this lemma, we have

THEOREM 3.6. Let X = ([[ies Xi)h(’) , where I is finite. If each of the
spaces X; is QP, then X is QP.

Remark 3.7. An analogous result for 7 infinite is not valid since (by
Theorem 5.6 in the sequel) /; is not a QP-space.

4, THE SPACE Cy(T)

Throughout this section T will denote a locally compact Hausdorff space
and X = Cy(T)—the space of real-valued continuous functions on T,
vanishing at infinity, endowed with the uniform norm [18; p. 86]. Thus
x € X iff x is continuous and, for each € > 0, the set {te T': | x(¢)| = €} is
compact. Since the extreme points of S(X*) are just (plus or minus) the
“point evaluations”, we may identify ext P(x) with

crit x = crit x* y crit x,
where
critxt = {teT:x(t) = £l x|}
Hence, for any 2, , x € X, we have
Ky, x) = {veX:v(t) <uvt) if tecrit(vy — x)t,
o(t) >vy(t) if tecritfwy — x)}.

THEOREM 4.1. Cy(T) is strongly nonlunar.
Proof. Let v, S(X)and v, € K(v,, 0). Choose 0 < § < 1 such that
8 < min{]| vo(z) — vy(t)| : t € crit vy},

and set

Kt = :t: vo(t) = 1 —§> 1 —%8 >vl(t)g,

K- = ;t: vo(t) < —1 + g < -1+ 33§ < vl(t)g.

Let V+, V- be, respectively, disjoint neighborhoods of K+, K~. Note that
K+, K= are compact G,’s, K+ D crit v,*, and K~ D crit v,~. By Urysohn’s
lemma, we can choose a function f'e Cy(T) such that

1/2 on K+
f={—1/2 on K-,

0 off v+ LU V-,
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and | f| <ioff Kt UK. Setx =0y —f Then|jx — v| = 3,
crit(vy, — x)* = K+,

and crit(v, — x)~ = K~.Since v, < v, on K+,and v, > v,0n K-, v, € K(v, , X).
Let J = {t:| vy(t)| > 1/2}. Since crit v, C int(K+ U K~)and J ~ int(K*+ U K-)
is compact (“‘int” means “interior of’}), it follows that

sup{l vy(t)| s teJ ~int(K* U KO)} =1 — §;

for some &, > 0. Set ¢ = min{3/6, 5,/2}. Let ve B(y,, €) N K(v, , x), lLe.,
vy —v] <€ v <vy on K+, and v > v, on K-. In particular, |v| <1 on
K+ru K- IfteJ~ K+t U K-, then

L o(t)] <o) +e<1—8 +e<l.
If t ¢ J, then
[o@®)] <lot) + e <124+ e <L

Thus | v| < 1 and so, B(v, , €) N K(v, , x) C B(0, 1), i.e., v, is strongly non-
lunar. |

From Theorems 2.18 and 4.1, we immediately obtain
CoROLLARY 4.2. In Cy(T), a set is a sun if and only if it is a moon.
LeEMMA 4.3. Let vy € S(C(T)). Then vy is QP if and only if crit v, is clopen
(i.e., both open and closed).
Proof. Let v, be QP. Choose an € > 0 such that
B(vy, €) N K(vy, 0) C B(O, 1).

Suppose sup{| vy(¢)] : ¢ ¢ crit v} = 1. Without loss of generality, we may
assume sup{vy(t) : t ¢ crit v} = 1. Choose #, e T ~ crit v, such that
Uo(to) > 1 - €/2-

Using Urysohn’s lemma, choose an x € Co(7) such that

_ (—e/2 on crit v,t,

=02 on{t,} U crit v,

and | x| < €/2 everywhere. Setting v = v, + x, we see that || v — v, || < e
and | v(t)] < 1 on crit vy, i.e., v € B(yy, €) N K(v, , 0). But

v(ty) = vo(ty) + €/2 > 1,50 v]| > 1.
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This contradiction shows that
sup{| vy(?)| : t ¢ crit vy} < 1,
i.e., there exists 8 > 0 such that
critvy = {te T : | vyt)] > 1 — &}

Hence crit v, is open. Also, crit v, is always closed.
Conversely, suppose crit v, is open. Then there is & > 0 such that

critv, = {t: | v(t)] > 1 — 8}

Lete = 8/2. Ifve X,[|v — v, || <e and | v(z)] < 1 on crit v, , then for any
te T ~ crit vy, we have

lo()] <|vyt) +e<1—8+e<1

and so, || v]| < 1. We have shown that B(v, , €) N K(v, , 0) C B(0, 1) and so,
veis QP. |

THEOREM 4.4. The following are equivalent:

(1) Cy(T) is a QP-space.
(2) crit vy is clopen for every vy € Cy(T).
(3) T is discrete.
Proof. The equivalence of (1) and (2) is an immediate consequence of
Lemma 4.3.
(3) = (2). If T is discrete, then every subset of T is clopen.

(2) = (3). Suppose crit v, is open for every vye X. If T, C T is com-
pact, then every continuous function on T, must have a finite range. Using
the regularity of T, , it would then follow that T, is finite. Hence compact
sets are finite; so T is discrete. ||

5. THE SpAcE L(T, 2, w)
In this section, unless otherwise specified, (7, 2, u) will denote a o-finite
measure space and X = L, = L,(T, 2, ) the space of all real-valued

integrable functions x on 7, endowed with the norm

il = |1 %) dpe.
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We shall abbreviate “u-almost everywhere” to “a.e.” The zero set of a given
measurable function x is defined, modulo a set of measure zero, by

Z(x) = {te T: x(t) = 0}.

The support of x is defined by
suppx = T ~ Z(x) = {t: x(t) + 0}.

A set A €2 is called an atom if 0 << u(4) < o and each measurable subset
B C A satisfies either u(B) = 0 or u(B) = u(4). It is well known (and easy
to prove) that (T, 2, ) can have at most countably many atoms. A subset of
T is called purely atomic if it is the union of atoms. Each measurable function
x must be constant a.e. on an atom A. We denote this value by x(4).

LemMA 5.1.  Let vye S(L,). Then

Olvg) = {xeX:|x| < |vy| ae., and sgn x = sgn v, a.e. on supp x}.

Proof. We have x € Ol(v,) iff || v, — x| + || x|} = || vy || . By the condition
for equality in the triangle inequality [18, p. 192], this is equivalent to the
existence of a positive measurable function p such that

vo = (1 + p) x a.c., on supp[(v, — x) x]. *

But (*) is clearly equivalent to | x | << | v, | a.e. and sgn x = sgn v, a.e. on
suppx. |

The following result is the main tool of this section.

LeMMA 5.2.  Let vy S(L,). Consider the statements:

(1) supp v, is purely atomic,
(2) v, is strongly nonlunar,
(3) v, is nonlunar,

(4) supp v, contains an atom.
Then (1) = (2) = (3) = (4).
Proof. (1) = (2). Let supp v, = Uies A; , where the A; are atoms and 7
is some (countable) index set. Let v, € K(v, , 0), i.e. )

J.v'])o (v1 — vp) dp — fvo<o (v; — vo) dp + f , [v; — vy | du < 0.

Z{(vg
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By a limit argument (using e.g., the dominated convergence theorem) one can
readily show that there exists 8 > 0 such that

12«:» [0:(4:) — vy(49)] w(4,) — 12- [02(4) — vo(4)] p(4))

+ [ Amide+ T |o(d) — vo(do)] p(4) <O,
Z(vy)

Inlgtuly™

where I;T = {ie I : vy(d,) w(4;) > 8}, and Iy~ = {i e [ : vo(4,) p(4;) < —o}%
Define a function x by

1) = vo(4,), if ted; and iel~I+*V Iy,
= %0 otherwise.

Then x € 0/(v,) and

K(v,, %) — jveX: fm(u—vo)dp—f (0 — ) dp

Yo

[ e—uidu<ol

V=L

= o X: T [o(d) — vo(d)] Bd) — T, B4 — 0o(4)] p(4)
Ig* . 15~

[ eldpt T ud) — n(d)] ) <0l.
Z(vy) )

InIgtulg™
In particular, v, € K(v, , x). Choose any 0 << ¢ < d. Let
vE B(v, , €) N K(v, , X).
Then
[ vg(4;) — (4| p(d;) < e <8, forall iel

so that sgn v(4,) = sgn vy(4,) if i e I;+ U I;~. Thus

ol — 1= lo)— ol
= %, 14D — 0(d)] wA) — T b(4) — ved)] (49
+ X Do) — o)) pd) + [ oldp
I~nIgtuls™ Z(vy)

< Z+ [v(4:) — vo(A4)] p(4;) — Z_ [v(4:) — vo(A4,)] p(4y)

X o) — o)l wd) + [ Telde <0,

InIgtuly™

640[6/2-6
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since v € K(v, , x). Hence
B(vy , €) N K(v, , x) C B, 1)
and so, v, is strongly nonlunar.
The implication (2) = (3) is obvious.
(3) = (4). If v, is nonlunar, then there is x € Ofv,) and € > 0 such that

B(vy , €) N K(v, , x) C B(O, 1).

By Lemma 5.1, for almost all £ € T, either 0 << x(2) << v(t) or ve(t) < x(¢) < 0.
Now

K(vy, x) = gvelefu> (v — vy) dp — LQ(U—Uo)dﬂl

0~ x

+fv=xlv—voldp<02.

Let T+ = {tesuppv,: vy(t) > x(¢)} and T~ = {t esupp v, : vo(t) < x(¢)}.
It follows that either u(7+) > 0 or w(T-) > 0. We may assume u(7+) > 0;
the case u(7-) > 0 can be treated similarly. If supp v, contained no atom,
then neither would 7+. Hence we can choose a sequence (E,) of disjoint
subsets of T+ with 0 < w(E,) < oo. Since

S twldes<| tnidu=1,

we have fE | vy | du— 0. Choose N such that j'E vo du < €/4, and let
E = \J; E, . Define a function » by

Vg onT ~ E,
(1 4 8) v, on E~ Ey,
—2v, on Ey,
where
-1
s=|f pon 0 du| | , todu
Then

[ o—wdn—[ (v—v.))dwfo_m v — vyl dp

=8 fE~EN vodp — 3 fENvo dp = —2 fENvo du <0,
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ie., ve K, , x),
lo—vll =3[ logldu+3[ lngldu=14[ Ivldu<e,
E~Epn En En
ie., ve B(y,, €), but

lol={ lolde+0+8[ Juldu+2[ lvgldn
T~E E~nEy Ey

:1+8f£ |v0|dp,—|—f£ |0y | dp > 1.
N

~Eyn
However, this contradicts

B(v, , €) N K(vy , x) C B(O, 1)

and completes the proof. |

From this result we immediately obtain

COROLLARY 5.3. If supp v, contains no atom, then v, is a lunar point of
S(Ly). In particular, if T contains no atoms, S(L,) is a moon.

Another easy consequence of Lemma 5.2 is

THEOREM 5.4. The following are equivalent:

(1) LT, 2, ) is strongly nonlunar,

(2) each point of S(L,) is nonlunar,

(3) T is purely atomic,

@) LT, Z, ) is (isometrically isomorphic to) a space of type I, or 1",
for some n.

Proof. The implication (1) = (2) is obvious.

(2) = (3). If T were not purely atomic, there would exist a set Ee 2,
with 0 < w(E) < o, containing no atoms. Then the support of the element
vy = [p(E)]™ ¥z would contain no atom. By Lemma 5.2, v, would be lunar.

The equivalence (3) < (4) is well known.

(3) = (1). Since T is purely atomic, so is supp v, for every v, € S(L,).

By Lemma 5.2, it follows that L,(7, 2, u) is strongly nonlunar. J

LeMMA 5.5. Let vy € S(L,y). Then vy is a QP point if and only if supp v, is a
finite union of atoms.
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Proof. Let vy, be QP. Then there is an € > 0 such that
B(v, , €) N K(vy, 0) C B, 1).
Let
T+ ={teT:uvyt) >0} T- ={teT:ut) <0}

If supp v, were not a finite union of atoms, then supp v, would contain either
an infinite number of atoms or a set of positive measure which has no atoms.
In either case, one of the sets T+ or 7— would contain a sequence (E,) of
disjoint sets with 0 << w(E,) < co. We may assume it is 7+ as the other
possibility can be treated similarly. The proof now proceeds exactly as that of
the implication (3) = (4) in Lemma 5.2 (taking x = 0). Thus we can construct
a function v € B(v, , €) N K(v, , 0) with || v || > 1 and get a contradiction.

Conversely, suppose supp v, = ;. 4;, where each 4, is an atom; we
can assume p(4; N 4;) = 0 if i = j. Choose € > 0 such that

€ <3 1r<nii2n | (4] p(4y).
Let v e B(vy, €). Then sgn v(4,) = sgnvy(4;) for i = 1,...,n. If v is also in
K(v, , 0), then

Toll—1=1ivll~llvll

@—v)dp+ [ Jvldu<o,
<0 Z(vg)
ie.,|lv] < 1. Hence By, , €) N K(v,,0) C B(0, 1) and so, vyis QP. |

From this lemma we immediately obtain

THEOREM 5.6. The following are equivalent:
D L(T,Z,pisa QP-sbace.
(2) T is a finite union of atoms.

3) L(T,Z2, p)is (isometrically isomorphic to) a space of type L,* for
some n.

6. RELATED MATTERS AND SOME OPEN QUESTIONS

Let T be a compact Hausdorff space, X a real normed linear space, and let
C(T, X) be the normed linear space of all X-valued continuous functions f on
T, with the max.norm: | f| = maXe|| f@)|y. If T is a singleton,
C(T,X) = X; whileif X = R, C(T, X) = C(T). It is natural to ask questions
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like “if X has a certain property, does C(T, X) too have this property 7"’ In
particular, the following problem is unsettled:

Problem 6.1. If X is strongly nonlunar (or even QP), is C(T, X) strongly
nonlunar ?

We do have the following partial answer to this question: If T is finite, then
C(T, X) is strongly nonlunar (resp. QP), if X is strongly nonlunar (resp. QP).
This fact is a consequence of Theorem 3.2, since we may regard C(T, X) as
(I'Teer X)e,(ry » Where X; = X for every te T. ‘

Another open question is whether the converse of Theorem 2.18 holds.
Thus

Problem 6.2. 1f each moon in X is a sun, must X be strongly nonlunar?

We have seen that there are strongly nonlunar spaces which are not QP.
However, we know of no finite-dimensional example.

In [12], Brown introduced the concept of a normed linear space having
property (P). (X has property (P) if for each pair of points x, z in X, with
lx + z|| < | x|, there are positive constants A, e such that| y + Az || < y ||
whenever || x — y|| < e) Brown observed that every strictly convex space
has (P), and so does every finite-dimensional space whose unit ball is a
convex polytope. He also showed that a space X has (P) if and only if the
metric projection onto any finite-dimensional subspace of X is lower semi-
continuous (cf. also [2].) Blatter, Morris and Wulbert [2] have shown that
C(T) has property (P) if and only if T is discrete. Also, they verified that
L\(T, 2, u) has property (P) if and only if T is a finite union of atoms. In [1]
Blatter proved, among other things, that ([T X).,» has property (P) if
and only if each of the spaces X has (P). Thus, in the spaces C(T), L (T, 2, 1)
and ([Ties X:)e, » Property (P) is equivalent to QP.

Deutsch and Lindahl [15] have studied the minimal extremal subsets of
the unit sphere. Let vy € S(X) and let E(v,) denote the minimal extremal subset
of S(X) which contains v, . Then X is said to have property Q if, for each
v, € S(X), the set E(v,) is the intersection of all the exposed sets in S(X) which
contain v, . It was shown in [15] that Cy(7T) has property Q if and only if T is
discrete; L (T, X, u) has property Q if and only if T is a finite union of atoms;
every finite-dimensional space whose unit ball is a polytope has property Q.

Thus, from the preceding two paragraphs, we have

THEOREM 6.3. Let X = Cy(T) or X = L\(T, Z, p). Then the following are
equivalent.

(1) XisQP.
(2) X has property (P) (of [12]).
(3) X has property Q (of [15]).

640/6/2-6*
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If
X

X = Cy(T), each of these conditions is equivalent to T being discrete. If
= L(T, 2, u), each of these conditions is equivalent to T being a finite

union of atoms.
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